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INTRODUCTION 

Under t h e  e x i s t i n g  A p o l l o  f l i g h t  p l a n  a s i n g l e  b u r n  
d e b o o s t  i s  u s e d  to p l a c e  t h e  s p a c e c r a f t  i n t o  a l u n a r  p a r k i n g  
o r b i t  which  p a s s e s  o v e r  t h e  l a n d i n g  s i t e .  P r i o r  memorand.ums 
( R e f e r e n c e  1 and 2 )  have  p r o p o s e d  a two b u r n  d e b o o s t ,  h a v i n g  
one  b u r n  to p e r f o r m  a p a r t i a l  p l a n e  change  and e s t a b l i s h  a 
c i r c u l a r  p a r k i n g  o r b i t  and a s e c o n d  b u r n  to comple t e  t h e  p l a n e  
c h a n g e .  A two b u r n  d e b o o s t  c a n  b e  u s e d  to e i t h e r  maximize 
l u n a r  a c c e s s i b l e  area f o r  a f i x e d  AV o r  to min imize  t h e  t o t a l  
AV r e q u i r e d  to r e a c h  a g i v e n  l u n a r  p a r k i n g  o r b i t .  I n  t h e  
r e f e r e n c e d  s t u d i e s  a l i m i t e d  number o f  computer  r u n s  were made 
f rom which  t h e  e m p i r i c a l l y  optimum s o l u t i o n  was c h o s e n .  T h i s  
memorandum a d v a n c e s  methods  f o r  s o l v i n g  b o t h  c a s e s  a n a l y t i c a l l y .  

O R B 1  TAL MECHANICS 

F i g u r e  1 shows a s c h e m a t i c  s k e t c h  o f  a two b u r n  de- 
b o o s t .  From a h y p e r b o l a  i n  t h e  i n i t i a l  p l a n e ,  t h e  a - p l a n e , *  
t h e  CSM d e b o o s t s  i n t o  a c i r c u l a r  p a r k i n g  o r b i t  i n  t h e   plane 
p e r f o r m i n g  a p l a n e  change  of  p1 w i t h  a v e l o c i t y  change  o f  nV1. 

Af t e r  a f l i g h t  of  4 d e g r e e s  i n  t h e  6 - p l a n e  a s e c o n d  b u r n  i s  
made to p l a c e  t h e  s p a c e c r a f t  i n  a c i r c u l 2 . r  p a r k i n g  o r b i t  i n  
t h e  a2 -p lane ,  a f t e r  a p l a n e  change  of p 2  w i t h  a v e l o c i t y  change  

o f  n V 2 .  The i n c l i n a t i o n  o f  t h e   plane above  t h e  a - p l a n e  
i s  d e n o t e d  as i2. A i s  t h e  a r c  d i s t a n c e  i n  t h e  CY,-plane be tween 
p e r i l u n e  on t h e  h y p e r b o l a  and t h e  node o f  t h e   plane and  

1 

a - p l a n e .  The t r u e  anomaly o f  t h e  h y p e r b o l i c  d e b o o s t  p o i n t  i s  
d e n o t e d  as f .  F i g u r e s  2 and 3 d e f i n e  A V ~  and a V 2  i n  terms o f  
c i r c u l a r  o r b i t a l  v e l o c i t y  ( V c ) ,  h y p e r b o l i c  v e l o c i t y  a t  d e b o o s t  

( V H )  and t h e  a n g l e s  pl, p 2 ,  and  y, t h e  f l - i g h t  p a t h  a n g l e  a t  
t h e  f i r s t  b u r n .  

f 
T a b l e  I c o n t a i n s  a g l o s s a r y  o f  symbols  and  d e f i n i t i o n s .  
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ABSTRACT 

Under t h e  e x i s t i n g  Apo l lo  f l i g h t  p l a n  a s i n g l e  b u r n  
d e b o o s t ,  p r o v i d i n g  a combined v e l o c i t y  and p l a n e  change ,  i s  
u s e d  to p l a c e  t h e  s p a c e c r a f t  i n t o  a l u n a r  p a r k i n g  o r b i t  which 
p a s s e s  o v e r  t h e  l a n d i n g  s i t e .  I n  t h e  "two b u r n  d e b o o s t " ,  an  
a d d i t i o n a l  b u r n  i s  pe r fo rmed  i n  l u n a r  p a r k i n g  o r b i t  b e f o r e  LM 
d e s c e n t  f o r  t h e  p u r p o s e  o f  a d j u s t i n g  t h e  o r b i t  p l a n e .  P r o p e r  
c o m b i n a t i o n s  o f  p l a n e  changes  on t h e  f i r s t  and s e c o n d  b u r n s  
w i l l ,  i n  g e n e r a l ,  r e s u l t  i n  l o w e r  SM p r o p e l l a n t  c o s t s  f o r  t h e  
two b u r n  d e b o o s t .  Whi le  u t i l i z i n g  m u l t i p l e  l u n a r  o r b i t  i n s e r -  
t i o n  b u r n s ,  t h e  t e c h n i q u e  g i v e s  t h e s e  p r o p e l l a n t  s a v i n g s  w i t h o u t  
s a c r i f i c i n g  any o f  t h e  a d v a n t a g e s  o f  t h e  f r e e  r e t u r n  f l i g h t  p l a n .  

T h i s  memorandum d e s c r i b e s  a n  e f f i c i e n t  method f o r  
a n a l y t i c a l l y  c a l c u l a t i n g  t h e  optimum c o m b i n a t i o n  o f  t h e  p l a n e  
changes  f o r  t h e  two b u r n  c a s e  by a n  i t e r a t i v e  t e c h n i q u e .  
Methods a re  p r e s e n t e d  f o r  s o l v i n g  t h e  two b a s i c  m i s s i o n  a n a l -  
y s i s  p r o b l e m s :  (1) t h e  c a l c u l a t i o n  o f  t h e  maneuvers  r e q u i r e d  
t o  r e a c h  a s p e c i f i e d  l u n a r  p a r k i n g  o r b i t  ( p a s s i n g  o v e r  t h e  
l u n a r  l a n d i n g  s i t e )  w i t h  minimum p r o p e l l a n t  c o s t s  and  ( 2 )  t h e  
c a l c u l a t i o n  o f  t h e  maximum l u n a r  area a c c e s s i b l e  for a f i x e d  
p r o p e l l a n t  b u d g e t .  Q u a n t i t a t i v e  r e s u l t s  a r e  p r e s e n t e d  which 
show t h a t  t h e  g r e a t e s t  s a v i n g s  a re  r e a l i z e d  f o r  c a s e s  w h e r e i n  
t h e  p a r k i n g  o r b i t / a p p r o a c h  h y p e r b o l a  node i s  more t h a n  10' 
t o  15' from h y p e r b o l i c  p e r i l u n e ;  s u c h  geomet ry  a r i s e s  most  
f r e q u e n t l y  for l u n a r  l a n d i n g  s i t e s  i n  t h e  c e n t r a l  r e g i o n .  

M o d i f i c a t i o n s  t o  e x i s t i n g  t a r g e t i n g  programs i n  
o r d e r  t o  accommodate t h i s  t e c h n i q u e  a re  b e l i e v e d  t o  b e  small. 
No c o n v e r g e n c e  d i f f i c u l t i e s  have  been  i d e n t i f i e d  w i t h  t h e  
i t e r a t i v e  t e c h n i q u e  t h a t  h a s  been  employed.  
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F i g u r e s  1, 2 ,  and  3 assume an o f f - p e r i l u n e  d e b o o s t  
i n t o  p a r k i n g  o r b i t .  O f f - p e r i l u n e  d e b o o s t s  a re  u s e d  i n  t h e  
c a s e  o f  a s i n g l e  b u r n  t o  move t h e  l i n e  of  n o d e s  be tween t h e  
h y p e r b o l i c  p l a n e  and  t h e  f i n a l  p a r k i n g  o r b i t  p l a n e .  Such  
movement o f  t h e  node r e s u l t s  i n  a g e o m e t r i c  e f f i c i e n c y  which  
c a n  be u s e d  t o  min imize  p r o p e l l a n t  r e q u i r e m e n t s  e v e n  t h o u p h  the  
f l i g h t  p a t h  a n g l e  a t  d e b o o s t  i s  non-optimum. For t h i s  two 
b u r n  d e b o o s t ,  a n  o f f - p e r i l u n e  maneuver  i s  shown t o  a l s o  r e s u l t  
i n  r e d u c e d  p r o p e l l a n t  r e q u i r e m e n t s .  

THE MINIMUM AVT P3OBLEM 

When m i n i m i z i n g  t h e  t o t a l  AV r e q u i r e d  t o  r e a c h  a 
s p e c i f i e d  l u n a r  o r b i t  p l a n e  f rom t h e  s p e c i f i e d  h y p e r b o l a ,  
t h e  B2-plane i s  f i x e d  and  hence  X and i2 are  known. The 

B - p l a n e  which  r e s u l t s  i n  minimum t o t a l  AV must  b e  d e t e r m i n e d .  
The f3 - p l a n e  c a n  b e  c o m p l e t e l y  s p e c i f i e d  by two i n d e p e n d e n t  
p a r a m e t e r s ,  t h e  node f and  t h e  i n c l i n a t i o n  p1 r e l a t i v e  t o  t h e  

h y p e r b o l a  p l a n e  ( a - p l a n e ) .  Hence t h e  geomet ry  o f  t h e  s o l u t i o n  
i s  c o m p l e t e l y  s p e c i f i e d  by t h e  two parameters f and  p1 when 
X a n d  i2 a r e  known. 
t i o n a l l y  as 

1 
1 

One m a y  e x p r e s s  t h i s  r e l a t i o n s h i p  f u n c -  

S i n c e  p1 and f a re  i n d e p e n d e n t  t h e  n e c e s s a r y  c o n d i t i o n s  t h a t  
AV p o s s e s s  a minimum or a maximum a r e  T 

aF1 - -  - 0 and  - = 0 .  a F 1  
a p l  a f  

For a l g e b r a i c  c o n v e n i e n c e  t h e  p rob lem has been  f o r -  

The p l a n  o f  a t t a c k  w i l l  b e  to 
m u l a t e d  i n  terms o f  s e v e n  v a r i a b l e s  AVT, AV1, AV2, pl, p 2 ,  f 

and  I$; X and i2 are s p e c i f i e d .  
o b t a i n  r e l a t i o n s h i p s  among, these v a r i a b l e s  which  a l l o w  t h e  
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a n a l y t i c  d e t e r m i n a t i o n  o f  a F l / a p l  and a F l / a f ;  an  a d d i t i o n a l  

e x p r e s s i o n  for a V T  i n  terms of  p l ,  p 2 ,  f and  $ i s  r e q u i r e d .  

S t a r t i n g  w i t h  ai? e q u a t i o n  f o r  t o t a l  AV, 

t h e n  from F i g u r e  2 and  t h e  law of  c o s i n e s  

2 2 av2, = vc + VH - 2v v c o s  p1 c o s  y,  C H  

where 

and  

e s i n  f t a n  y = 1 + e c o s  f ' 

- u  
v H - 2 -  2 u a =  

P 

* 
E q u a t i o n  ( 5 b )  r e s u l t s  f rom t h e  s o l u t i o n  o f  t h e  c o n i c  

2 
The c h o i c e  o f  t h e  n e g a t i v e  r o o t  a ( 1 - e )  

e q u a t i o n ,  r = l t e c o s f  ' 

i n  t h e  q u a d r a t i c  s o l u t i o n  i s  unambiguous s i n c e  t h e  p o s i t i v e  
r o o t  would r e s u l t  i n  n e g a t i v e  e c c e n t r i c i t i e s .  

(5) 
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I n  t h e  above e q u a t i o n s  1.1 is t h e  g r a v i t a t i o n a l  c o n s t a n t  o f  the 
mcon and r i s  t h e  r a d i u s  of  t.he l u n a r  p a r k i n g  o r b i t .  From 
F i g u r e  3 ,  

From t h e  l a w  o f  s i .nes  

s i n  p 2  s i n  + = s i n  i, L sin ( A - f ) .  ( 7 )  

A f i f t h  e q u a t i o n  can  b e  c b t a i n e d  from F i g u r e  1 and 
a law o f  s p h e r i c a l  t r i g o n c m e t r y  ( R e f e r e n c e  3 ,  p .  1 2 ) .  

c o s  ( x - f )  cos  p1 = s i n  ( A - f )  c o t  + 
( 8 )  

t s i n  p cot; i, 1 L 

The r e q u i r e d  s i x t h  and s e v e n t h  e q u a t i o n s  a re  p r o v i d e d  by  t h e  
c o n d i t i o n s  imposed by  e q u a t i o n s  2 and 3 which can  now be 
e x p r e s s e d  i n  terms o f  t h e  v a r i a b l e s  AVTJ AVl, A V 2 ,  p l ,  p 2 ,  f ,  +,  i2 

and A .  E q u a t i o n s  ( 9 )  t h r o u g h  ( 2 1 )  d e v e l o p  e x p l i c i t  p a r t i a l  
d e r i v a t i v e s  for aAVT/ap l  ( E q u a t i o n  13) and  aAV, /af  ( E q u a t i o n  2 1 )  

by s u c c e s s i v e  d i f f e r e n t i a t i o n  o f  E q u a t i o n s  (4) t h r o u g h  ( 8 )  and 
a p p r o p r i a t e  a l g e b r a i c  s u b s t i t u t i o n .  An e x p r e s s i o n  for t h e  
p a r t i a l  d e r i v a t i v e  o f  AVT w i t h  r e s p e c t  t o  p1 may be formed by 
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t a k i n g  t h e  p a r t i a l  o f  b o t h  s i d e s  o f  E q u a t i o n  ( 4 ) .  

a AVT aAVl a A V ~  + -  - - - -  
a p l  a p l  a p l  

The p a r t i a l  o f  EqAat ion  ( 5 )  d i v i d e d  by 2AV1 and t h e  p a r t i a l  
o f  ( 6 )  a re  

s i n  p1 c o s  y 
a A V ~  - 'CVH - - -  

a p 2  
- vc cos  ( P 2 / 2 )  - 

a p l  

a nv2 
- -  . 

S u b s t i t u t i n g  t h e s e  e q u a t i o n s  i n  ( 9 )  and  d i v i d i n g  t h r o u g h  by 
Vc g i v e s  

a p 2  + cos  ( P 2 / 2 )  - 
vc apl a p l  

VH s i n  p cos y 1 a A V ~  
1 - - - -  

T a k i n g  t h e  p a r t i a l  d e r i v a t i v e  o f  E q u a t i o n  ( 7 )  w i t h  r e s p e c t  
t o  P 1 ,  

s i n  (p cos  p - t s i n  p 2  c o s  = 0, 
2 aPl apl 

a n d  s o l v i n g  f o r  ap2/ap1, 
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g i v e s  a n  e x p r e s s i o n  f o r  t h e  p a r t i a l  o f  p 2  w i t h  r e s p e c t  t o  

I n  o r d e r  t o  c a l c u l a t e  a + / a p l ,  i t  i s  n e c e s s a r y  to take 
t h e  p a r t i a l  d e r i v a t i v e  of E q u a t i o n  ( 8 )  w i t h  r e s p e c t  t o  pl, 
pl. 

- c o s  ( A - f )  s i n  p1 = - s i n  ( A - f )  c s c  2 + - a +  
a p l  

S o l v i n g  for a ; P / a p l ,  

c o s  p c o t  i2 + c o s  ( A - f )  s i n  p1 - -  a +  - 1 

a p l  s i n  (A-f) c s c  ;P 
2 Y 

g i v e s  an  e x p r e s s i o n  for t h e  p a r t i a l  o f  ;P w i t h  r e s p e c t  t o  pl. 

S u b s t i t u t i n g  ( 1 2 )  i n t o  (11) and t h e n  s u b s t i t u t i n g  (11) back  
i n t o  ( 1 0 )  g i v e s  a n  e x p l i c i t  e x p r e s s i o n  f o r  a A v T / a p l ,  t h e  

s i x t h  r e q u i r e d  e q u a t i o n :  

c o s  ( p 2 / 2 )  c o s  + t a n  p 2  ( c o s  p c o t  i2 + c o s  (X-f) s i n  p , )  1 
c s c  + s i n  ( A - f )  

The n e x t  s t e p  i s  t o  d e v e l o p  t h e  s e v e n t h  e q u a t i o n ,  
a A V T / a f ,  b y  t a k i n g  t h e  p a r t i a l  o f  E q u a t i o n  (4) w i t h  r e s p e c t  
t o  f ,  

* 
Note  t h a t  t h i s  p a r t i a l  d e r i v a t i v e  i s  o b t a i n e d  by o b s e r v i n g  

t h a t  p1 a n d  f are  i n d e p e n d e n t ;  h e n c e  a f / a P 1  = 0 .  
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3 AvT a AV1 a AV2 
+ -  - 

a f  a f  a f  . 

The f i r s t  term i n  E q u a t i o n  ( 1 4 )  i s  o b t a i n e d  by t a k i n g  t h e  
p a r t i a l  o f  E q u a t i o n  ( 5 )  d i v i d e d  by 2AV1, 

ae 
+ e c o s  f + s i n  f af 2 

1 a y = e  
> 2 ( 1 + e c o s  f )  3 f  c o s L  y 

2 M u l t i p l y i n g  by c o s  y and u s i n g  E q u a t i o n  ( s a )  

(16) s i n  f 2 L Y =  s i n  y 

af s i n -  f e 2 

The r e m a i n i n g  unknowl?, a e / a f ,  i s  d e t e r m i n e d  by t a k i n g  t h e  p a r t i a l s  
o f  E q u a t i o n  ( 5 b ) ,  

(17) ae - r s i n  f + y2 c o s  f s i n  f 
af  2a 
- -  

2 2 r c o s  f - 4a ( r - a )  

S u b s t i t u t i n g  E q u a t i o n s  (17) and ( 1 6 )  i n t o  (15) t h e n  
g i v e s  a n  e x p l i c i t  e q u a t i o n  f o r  aAVl/af. One c a n  now p r o c e e d  
t o  a d e t e r m i n a t i o n  o f  t h e  second t e rm i n  E q u a t i o n  ( 1 4 )  by t a k i n g  
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t h e  p a r t i a l  d e r i v a t i v e  of E q u a t i o n  ( 6 )  w i t h  r e s p e c t  t o  f ,  

T a k i n g  t h e  p a r t i a l  of E q u a t i o n  ( 7 )  w i t h  r e s p e c t  t o  f ,  

UL = - s i n  i t s i n  p 2  c o s  + c o s  p s i n  4 - c o s  (X-f), 2 a f  a f  2 
ap2 

and s o l v i n g  for ap2/af, 

L!#L 
a f  s i n  i2 c o s  (A-f) t s i n  p 2  c o s  4 

c o s  p s i n  + 2 
ap2 - - - -  

Y af 

g i v e s  a n  e x p r e s s i o n  for t h e  p a r t i a l  of p 2  w i t h  r e s p e c t  t o  f .  

T h e  p a r t i a l  o f  E q u a t i o n  ( 8 )  w i t h  r e s p e c t  t o  f, 

c a n  b e  r e f o r m u l a t e d  t o  g i v e  a n  e x p r e s s i o n  for a$/af, 

(20) 2 = - s i n  4 c o s  p1 - c o s  4 s i n  4 c o t  (X-f) . af 

S u b s t i t u t i n g  (20) and  (19) i n t o  (18) g i v e s  aav2/af; t h e n  sub-  
s t i t u t i n g  (18) and  ( 1 5 )  i n t o  (14) g i v e s  a n  e x p r e s s i o n  for t h e  
p a r t i a l  of nVT w i t h  r e s p e c t  to f: 
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@ = arctan 

tan p 2  c o s  4 (sin 4 cos  p 1 + c o s  4 cot (x-f)) ] = o .  (21) 

< 180" (22) sin (A-f) 
cos (A-f) cos p1 - sin p c o t  i2 7 O 0 I 4 -  

1 

Equations (13) and (21) then along with Equations (4) through (8) 

AvlY Av27 p 1 3  p23 f, and @. Knowing A and i2 and making initial 
assumptions for p and f, 4 can be found from Equation (8) 

are sufficient t o  uniquely determine the seven unknowns: AVT 3 

1 

2 c o s  (A-f) cos p - sin p cot i 

sin (A-f) 
1 1 cot 4 = 

or inverting 

r 1 

L --1 

and p can be calculated from Equation (7) 2 

s i n  i sin (A-f) 
p 2  = arcsin [ :in 

and the two burn maneuver required to proceed from the a-plane 
to the B2-plane is determined. 

(23) 



BELLCOMM, INC. - 10 - 

I lav ing  t h e s e  v a l u e s ,  AVl ,  AV2, and  AVT c a n  b e  c a l c u l a t e d  f rom 

E q u a t i o n s  (4) t h r o u g h  (6) and  t h e  e x a m i n a t i o n  f o r  o p t i m a l i t y  
c a n  b e  made. 

1 1  

S u b s t i t u t i n g  v a l u e s  f o r  AVl, p l y  p 2 ,  f ,  and  0 back  i n  
E q u a t i o n  (13) and  E q u a t i o n  (21), v a l u e s  f o r  a A V , / a p l  and a A V T / a f  

c a n  b e  o b t a i n e d .  
t u r n s  o u t  t o  b e  p o s i t i v e ,  p1 (or f) i s  t o o  l a r g e ;  i f  i t  i s  nega -  
t i v e ,  

s i v e  c a l c u l a t i o n s ,  p1 and f can b e  found  s u c h  t h a t  t h e  p a r t i a l s  
o f  AVT w i t h  r e s p e c t  t o  p1 and  f are  s u f f i c i e n t l y  c l o s e  t o  z e r o .  
I t  s h o u l d  b e  n o t e d  t h a t  t h i s  p r o c e s s  i n h e r e n t l y  a p p r o a c h e s  t h e  
minimum of  AVT r a t h e r  t h a n  t h e  maximum. 

- 
I f  t h e  p a r t i a l  o f  AVT w i t h  r e s p e c t  t o  p1 (or f )  

(or f )  i s  t o o  s m a l l .  Us ing  t h i s  i n f o r m a t i o n  and s u c c e s -  p1 

One r e c u r s i v e  t e c h n i q u e ,  t h a t  h a s  p r o v e n  t o  c o n v e r g e  
r a p i d l y ,  s i m p l y  assumes  AVT i s  a s e c o n d  o r d e r  f u n c t i o n  of  b o t h  

S t a r t i n g  w i t h  a v a l u e  o f  p1 and  two i n i t i a l  g u e s s e s  
f o r  f ( f  

t o  f a t  b o t h  f l  and  f 2 ,  t h e  s l o p e  o f  t h e  l i n e  p a s s i n g  t h r o u g h  
t h e s e  two p o i n t s  c a n  be  c a l c u l a t e d * ,  

a n d  f .  

1 

Dl 
and f2) and  c a l c u l a t i n g  t h e  p a r t i a l s  o f  AVT w i t h  r e s p e c t  

a A V ~  a A V ~  
- -  

a f l  a f 2  . 

f l  - f2 

T h i s  s l o p e  c a n  b e  u s e d  t o  c a l c u l a t e  a v a l u e  o f  f f o r  which  t h e  
v a l u e  of  a A V  / a f  would b e  z e r o  i f  aAV,/af were t r u l y  l i n e a r  
i n  f :  

T 

* 
For n o t a t i o n a l  s i m p l i c i t y ,  t h e  p a r t i a l  d e r i v a t i v e  o f  AV, 

1 

w i t h  r e s p e c t  t o  f a t  f = f i  w i l l  b e  e x p r e s s e d  as a A V T / a f i .  
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aAVT f l  - f2 
f 3  = f 2  - - a f 2  amT a A V ~  

- - -  
af l  a f 2  

T h i s  v a l u e ,  f 3 , g i v e s  a p a r t i a l  d e r i v a t i v e  o f  nVT w i t h  r e s p e c t  
t o  f t h a t  i s  c l o s e r  t o  z e r o  t h a n  e i t h e r  a A V T / a f l  or a h V T / a f 2 .  

The n t h  c a l c u l a t i o . . l  for f would b e  

- 
- - a AVT f*-2 f n - l  

a A V ~  a AVT 
a f n - l  - 

f n  - f n - l  

a f n - 2  a f n - l  

S i n c e  If1 - < 1x1 f o r  o p t i m a l i t y ,  if a p r e d i c t e d  If1 i s  g r e a t e r  
t h a n  I A I ,  f s h o u l d  be s e t  t o  A .  If a second  p r e c l i c t i o n  for I f l  
g o e s  beyond l h l ,  t h e  two burn  o f f - p e r i l u n e  d e b o o s t  r e d u c e s  t o  a 
one b u r n  d e b o o s t  for t h e  assumed pl. Thus when a a V T / a f  = 0 

e x i s t s ,  f o r  any 6 > 0 a v a l u e  o f  f can  be  o b t a i n e d  s u c h  t h a t  
l a A V T / a f /  < 6 ;  o t h e r w i s e  f i s  s e t  e q u a l  to A .  

C a r r y i n g  f o r w a r d  t h e  a s s u m p t i o n  t h a t  AVT i s  r o u g h l y  
p a r a b o l i c  w i t h  f (or p l ) ,  i n s i g h t  i n t o  t h i s  two b u r n  d e b o o s t  
c a n  b e  g a i n e d  from F i g u r e  4. T h i s  f i g u r e  i n d i c a t e s  s c h e m a t i c a l l y  
t h e  r e q u i r e m e n t  f o r  comparing If1 w i t h  [ A I .  When AVT (f) i s  
c h a r a c t e r i s t i c  o f  F i g u r e  ( 4 b ) ,  u s e  o f  t h e  p r e d i c t e d  f w i l l ,  i n  
t h e  c a s e  r e p r e s e n t e d  by ( 4 b ) ,  r e s u l t  i n  i n s t a b i l i t y  i n  t h e  i t e r -  
a t i v e  scheme.  

We now p r o c e e d  i n  a s imi la r  f a s h i o n  t o  d e t e r m i n e  
a A VT/ a p 1. 
a s e c o n d  v a l u e  f o r  p1 and t h e n  u s e  t h e  p r e v i o u s l y  d e s c r i b e d  
method on p1 and  t h e  p a r t i a l  o f  AVT w i t h  r e s p e c t  t o  p1 t o  f i n d  
a v a l u e  o f  p1 s u c h  t h a t  l a A V T / a p l l  < 6 .  

f o r  o p t i m a l i t y ,  i f  a p r e d i c t e d  v a l u e  o f  lpll e x c e e d s  
t o  i2; and i f  a second  l p l l  e x c e e d s  li21, t h e  two b u r n  o f f -  

p e r i l u n e  d e b o o s t  r e d u c e s  t o  a one  b u r n  d e b o o s t .  F o r  t h e  v a l u e  

Us ing  t h e  v a l u e  of f s u c h  t h a t  l a n V , / a f l  < 6 ,  choose  

S i n c e  lp l I  li,l - 
li21 s e t  

p1 
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o f  p1 s u c h  t h a t  l a A V T / a p l l  < 6 ,  t h e  l a A V T / a f l  d o e s  n o t  

n e c e s s a r i l y  have  to be l e s s  t h a n  6 . 1  Using t h i s  new v a l u e  
o f  p l ,  f can  b e  c a l c u l a t e d  by t h e  i t e r a t i v e  method s u c h  t h a t  

I aAV,/af I < 6 .  By s u c h  s u c c e s s i v e  c a l c u l a t i o n s ,  a v a l u e  c a n  
b e  o b t a i n e d  f o r  p1 and f such  t h a t  l a n V , / a f  I < 6 and l a A V T / a p l l  < 

6 .  

For v a l u e s  o f  A l e s s  t h a n  a b o u t  2 0 ° ,  s u g g e s t e d  i n i t i a l  
c o n d i t i o n s  f o r  p1 and f a r e  i2 and A r e s p e c t i v e l y ,  as t h i s  

i n i t i a l i z a t i o n  i s o l a t e s  immedia t e ly  t h e  c a s e s  where  t h e  s i n g l e  
b u r n  i s  optimum. F o r  l a rge r  v a l u e s  of  A ,  i n i t i a l  c o n d i t i o n s  

(1 - -) have  been  o b s e r v e d  to r e s u l t  i n  f a v o r -  o f  p1 = f = i A 
2 90 

able  c o n v e r g e n c e .  

THE M A X I M U M  LUNAR ACCESSIBILITY PROBLEM 

When c a l c u l a t i n g  t h e  maximum l u n a r  a r e a  a c c e s s i b l e  
f o r  a f i x e d  A l l T * * ,  i2 assumes i t s  maximum v a l u e .  
i s  p r o v e n  by i n s p e c t i o n  of  F i g u r e  1. For any v a l u e  o f  A ,  t h e  
s p h e r i c a l  area be tween  t h e  a -p l ane  and  t h e  B2-plane i s  maximized  
f o r  t h e  maximum v a l u e  o f  i2. 

j u s t  t h e  l u n a r  a c c e s s i b l e  a r e a . )  An e q u a t i o n  a n a l o g o u s  t o  
E q u a t i o n  (1) may be  f o r m u l a t e d  f o r  t h e  a c c e s s i b i l i t y  p r o b l e m :  

( T h i s  a s s e r t i o n  

T h i s  s p h e r i c a l  a r ea ,  i n  t u r n ,  i s  

* 
R e c a l l  t h a t  a l t h o u g h  p1 and f a re  i n d e p e n d e n t ,  aVT i s  

d e p e n d e n t  upon b o t h .  

* *  
The t e c h n i q u e s  f o r  s u c h  c a l c u l a t i o n s  are  documented i n  

R e f e r e n c e  4 .  By t h i s  method,  t h e  AV a l l o w e d  f o r  g e t t i n g  i n t o  
l u n a r  p a r k i n g  o r b i t  i s  assumed. The AV and  p r o p e l l a n t  r e q u i r e d  
t o  g e t  o u t  o f  t h e  p a r k i n g  o r b i t  and  o n t o  a t r a n s e a r t h  t r a j e c t o r y  
c a n  t h e n  be  c a l c u l a t e d .  By i t e r a t i v e  t e c h n i q u e s  t h e  p a r k i n g  
o r b i t  i s  a d j u s t e d  s u c h  t h a t  the p r o p e l l a n t  r e q u i r e m e n t s  m a t c h  
t h e  p r o p e l l a n t  a v a i l a b i l i t y .  
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S i n c e  g1, f and A a r e  i n d e p e n d e n t  t h e  n e c e s s a r y  c o n d i t i o n s  
t h a t  i2 p o s s e s s  a maximum or minimum f o r  a s p e c i f i e d  AVT, a r e  

t h e n ,  

- 0. - 0, - -  0, - - aF2 aF2 aF2  - 

a p l  a f  
- -  a x  ( 2 5 ,  26 ,  2 7 )  

I n  t h i s  c a s e  i t  i s  c o n v e n i e n t  t o  assume a f i x e d  A and  c a r r y  
o u t  a d e t e r m i n a t i o n  of  t h e  maximum i2 w i t h  r e s p e c t  to p and 

f .  T h i s  a s s u m p t i o n  r e s u l t s  i n  no  l o s s  of g e n e r a l i t y  as w i l l  
be  d i s c u s s e d  l a t e r .  E q u a t i o n s  ( 4 )  t h r o u g h  ( 6 )  a re  a p p l i c a b l e  
to t h i s  p r o b l e m .  A f o u r t h  e q u a t i o n  can  b e  o b t a i n e d  f rom t h e  
l a w  o f  s i n e s  

1 

2 s i n  p s i n  p 

9 o r  s i n  $ s i n  ( A - f )  
1 -  - 

s i n  p s i n  ( A - f )  = s i n  p s i n  +. (28) 1 2 

A f i f t h  e q u a t i o n  can  b e  o b t a i n e d  from two e q u a t i o n s  from s p h e r i c a l  
t r i g o n o m e t r y  ( R e f e r e n c e  5 , p a g e  189 and R e f e r e n c e  3 ,  page  1 2 ) .  

c o s  p 2  = c o s  i2 c o s  p + s i n  i2 s i n  p c o s  ( A - f )  (29) 1 1 

and 

( 3 0 )  -cos  (A-f) c o s  i2 = s i n  ( A - f )  c o t  $ - s i n  i 2 c o t  p 1' 

S o l v i n g  the f i r s t  for s i n  i2, s u b s t i t u t i n g  t h i s  i n  t h e  s e c o n d  
e q u a t i o n ,  and  m u l t i p l y i n g  b o t h  s ides  o f  t h e  e q u a t i o n  by s i n  p 

C O S  (A-f) g i v e s  
1 
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- s i n  i2 cos  p c o s  ( A - f )  1 

- 14 - 

/ s i n  p 2  . 

2 
1 

- c o s  ( x - f )  c o s  i2 s i n  p1 = s i n  ( A - f )  cos  (A-f)  cot J, s i n  p 

1' - C O S  P c o t  p + c o s  i2 cos p c o t  2 1 1 

The n e c e s s a r y  s i x t h  and  s e v e n t h  e q u a t i o n s ,  s a t i s f y i n g  c o n d i t i o n s  
o f  E q u a t i o n s  ( 2 5 )  m d  ( 2 6 ) ,  may now b e  d e t e r m i n e d .  E q u a t i o n s  
( 3 2 )  t h r o u g h  ( 3 5 )  d e v e l o p  t h e  n e c e s s a r y  e q u a t i o n s  f o r  a i 2 / a p 1  

and a i 2 / a f .  

The p a r t i a l  d e r i v a t i v e  o f  i2 w i t h  r e s p e c t  t o  p1 i s  
formed as f o l l o w s .  The p a r t i a l  d e r i v a t i v e  of E q u a t i o n  ( 2 8 )  
w i t h  r e s p e c t  to p i s  1 

t s i n  p c o s  p s i n  J, - c o s  J, - 'J, - - c o s  p 1 s i n  ( x - f ) .  
a p l  

ap2  
ap l  2 2 

Take  t h e  p a r t i a l  o f  E q u a t i o n  ( 2 9 )  w i t h  r e s p e c t  to p1 and  s o l v e  
f o r  a p 2 / a p 1 .  

a p  a i 2  
2 = [ s i n  i2 cos p - + c o s  i2 s i n  p 1 ap l  1 a P l  

a12 
- c o s  i2 s i n  p1 c o s  ( A - f )  - 

a p l  

1 
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a i 2  - c o s  ( x - f )  s i n  i 2 - a P l  

The p a r t i a l  of E q u a t i o n  ( 3 0 )  w i t h  r e s p e c t  to p1 s o l v e d  for 

2 / ( s i n  ( A - f )  c s c  + ) .  

L 

1 

S u b s t i t u t i n g  t h e s e  l a s t  two e q u a t i o n s  back  i n t o  E q u a t i o n  ( 3 2 )  
g i v e s  

a i 2  
- + cos  i2 s i n  p 1 s i n  i2 c o s  p 1 a P 1  

c o s  p 2  s i n  $ 

2 s i n  p 

1 a i 2  
- c o s  i2 s i n  p c o s  (A-f) - - s i n  i cos  p c o s  ( A - f )  2 1 ap l  1 

a i 2  2 
p1 + s i n  i c s c  - 

2 - c o s  i2 c o t  p 
1 a p l  I- s i n  p 2  cos  + 

s i n  ( A - f )  c s c  + 2 + 

- cos  ( ~ - f )  s i n  i ~1 = cos  p 1 s i n  ( A - f ) .  

S o l v i n g  t h i s  e q u a t i o n  for a i 2 / a p 1 ,  

a i 2  - G - - -  H 
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G = c o t  p 2  s i n  $ ( -  cos  i2 s i n  p + s i n  i2 cos  p 1 1 c o s  ( ~ - f ) )  

2 

s i n  ( i - f )  s i n  

s i n  p c o s  J, s i n  $ s i n  i2 
+ cos  p1 s i n  ( i - f )  2 - 

2 
p 1  

and 

H = c o t  p s i n  J, ( s i n  i c o s  p - cos  i s i n  p c o s  ( A - f ) )  2 2 1 2 1 

2 s i n  p 2  c o s  J, s i n  J, 
( c o s  i c o t  p t cos  ( A - f )  s i n  i 2 ) ,  2 1 

- 
s i n  ( A - f )  

g i v e s  an  e x p r e s s i o n  f o r  t h e  p a r t i a l  of i2 w i t h  r e s p e c t  t o  p1 

and s u p p l i e s  t h e  s i x t h  e q u a t i o n .  

The p a r t i a l  o f  i2 w i t h  r e s p e c t  t o  f i s  formed i n  a 
v e r y  s i m i l a r  manner .  The p a r t i a l  of E q u a t i o n  ( 2 8 )  w i t h  r e s p e c t  
t o  f i s  

+ s i n  p 2  cos J, cos  p 2  s i n  $ - = - s i n  p c o s  ( A - f ) .  a P 2  
a f  a f  1 ( 3 4 )  

The p a r t i a l  d e r i v a t i v e  o f  E q u a t i o n  ( 2 9 )  w i t h  r e s p e c t  t o  f ,  
s o l v e d  for a p 2 / a f ,  and  t h e  p a r t i a l  o f  E q u a t i o n  ( 3 0 )  w i t h  r e s p e c t  
t o  f ,  s o l v e d  f o r  a $ / a f ,  a r e  

a i 2  a i 2  
c o s  ( A - f )  3 cos  i2 s i n  p - = r s i n  i2 cos  p - - a p 2  

1 ar 1 a f  
L 

/ s i n  p 2 ,  1 - s i n  i2 s i n  p s i n  ( A - f )  1 
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ai2 
2 - 3  9 = I sin (A-f) cos i2 - c o s  (A-f) sin i af 

2 - cos (A-f) c o t  + - cos  i c o t  p1 - /(sin (A-f) c s c  $ 1 .  2 af 

Substituting these equations into ( 3 4 )  

ai2 ai2 
- - cos i 2 sin p 1 c o s  (A-f) - af sin i2 c o s  p 1 af 

cos p 2  sin JI 

2 sin p 

sin p 2 cos JI 

2 I +  sin (A-f) csc JI 
- sin i2 sin p sin (A-f) 1 

L 

- c o s  (A-f) c o t  + - c o s  i2 c o t  p1 = - sin p cos (A-f> 1 

ai2 
and solving for - af ’ 
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r where  

s i n  J, s i n  i2 s i n  p s i n  (A- f )  - s i n  p c o s  ( ~ - f )  1 1 

2 + s i n  p 2  c o s  J, s i n  J, ( c o t  (A- f )  c o t  J, - c o s  i,) 

and  

E = c o t  p 2  s i n  J, ( cos i2 s i n  p c o s  ( A - f )  - s i n  i2 Cos P , )  1 

2 s i n  p 2  c o s  J, s i n  
s i n  ( A - f )  

~1 + ( c o s  ( A - f )  s i n  i2 + c o s  i2 c o t  p l ) ,  

w e  o b t a i n  t h e  n e c e s s a r y  s e v e n t h  e q u a t i o n ,  an  e x p r e s s i o n  f o r  t h e  
p a r t i a l  of i2 w i t h  r e s p e c t  t o  f .  

The v a r i a b l e s  a r e  AV1, AV2,  pl, p 2 ,  f ,  $ ,  and  i2. 

A must b e  assumed for a s o l u t i o n  b u t  would n o r m a l l y  b e  v a r i e d  
t h r o u g h  360O t o  g e n e r a t e  a t o t a l  l u n a r  a c c e s s i b i l i t y  map. Then 
t h e  known q u a n t i t i e s  a re  A and AVT. 

AV1, AV2, and  p 2  c a n  b e  c a l c u l a t e d  f rom E q u a t i o n s  ( 5 ) ,  (4) and  
(6), r e s p e c t i v e l y .  From E q u a t i o n s  ( 2 8 )  and (31), J, and i2 

c a n  be  c a l c u l a t e d  as 

I f  p1 and f a re  assumed 

, ( 3 7 )  
c o s  p c o t  p1 - s i n  ( A - f )  c o s  ( A - f )  c o t  J, s i n  p 

2 cos  p1 c o t  p 1 t c o s  

2 
( A - f )  s i n  p1 c i2 = a r c o s  

0 - < i2 < 1 8 0 ° ,  

a n d  $ c a n  be c a l c u l a t e d  from E q u a t i o n  ( 2 2 ) .  
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S u b s t i t u t i n g  v a l u e s  f o r  AV1' p l y  

t i o n s  ( 3 3 )  and  (35 ) ,  v a l u e s  f o r  a i 2 / a p 1  and  a i 2 / a f  c an  b e  c a l -  
c u l a t e d  and  c h e c k s  f o r  o p t i m a l i t y  c a n  b e  made. Depending on  
t h e s e  v a l u e s ,  new v a l u e s  f o r  p1 and  f c a n  b e  o b t a i n e d  by a 
r e c u r s i v e  t e c h n i q u e  s u c h  t h a t  a i 2 / 8 p 1  and  a i 2 / a f  a r e  b o t h  
s u f f i c i e n t l y  c l o s e  t o  z e r o .  

p2,  
$, f and  i2 back i n  Equa- 

GENERALIZATIONS 

It w i l l  now b e  shown t h a t  t h e  e q u a t i o n s  which h a v e  

G e n e r a l  v a l u e s  o f  
b e e n  d e v e l o p e d  f o r  t h e  a c u t e  s p h e r i c a l  t r i a n g l e  o f  F i g u r e  1 
a re  v a l i d  f o r  a l l  v a l u e s  o f  i2, A ,  and  9 .  

A a n d  0 a re  i l l u s t r a t e d  by Cases  2, 3,  a n d  4 o f  F i g u r e s  5a and  
5b .  F i g u r e  5a shows t h e  t w o  c a s e s  where ( A - f )  i s  p o s i t i v e ,  
a n d  F i g u r e  5b shows t h e  two c a s e s  f o r  which  ( A - f )  i s  n e g a t i v e .  
Case #1 a n d  Case # 3  p l a c e  t h e  s p a c e c r a f t  i n t o  t h e  same l u n a r  
p a r k i n g  o r b i t ,  t h e  o n l y  d i f f e r e n c e  b e i n g  t h a t  t h e  second  b u r n  
o c c u r s  ha l f  a n  o r b i t  l a t e r  i n  Case # 3 ;  i n s p e c t i o n  i n d i c a t e s  
t h a t  t h e  optimum v a l u e s  o f  p1 and  I p 2 1  a r e  t h e  same f o r  b o t h  
c a s e s .  T h i s  same r e l a t i o n s h i p  h o l d s  be tween  Case # 2  and Case 
#4. Hence,  t h e  e q u a t i o n s  which were d e v e l o p e d  f o r  Case  #1 
[ ( A - f )  - > 0 a n d  p 2  

[ ( A - f )  < 0 a n d  p 2  < 01 t o  be c o m p l e t e l y  g e n e r a l .  

01 need  o n l y  b e  v a l i d a t e d  f o r  Case #2 

For t h e  minimum AVT p r o b l e m ,  iij i s  n o t  i n v o l v e d  i n  
t h e  s o l u t i o n  and  (I i s  d e t e r m i n a b l e  and  unambiguous o v e r  t h e .  
r a n g e  O o  < (I < 180° f rom t h e  a r c t a n  f u n c t i o n  of  E q u a t i o n  ( 2 2 ) .  
N o t i c e  that n e g a t i v e  v a l u e s  o f  ( A - f )  r e s u l t  i n  a s i g n  change  
i n  p ( E q u a t i o n  ( 2 3 ) ) .  Thus f o r  t h e  minimum AVT p rob lem,  

Case # 2  i s  d i s t i n g u i s h a b l e  by t h e  s i g n  o f  ( A - f ) .  
2 

For t h e  maximum a c c e s s i b i l i t y  p rob lem,  p 2  must t a k e  
i t s  s i g n  f rom ( A - f ) ,  J, must  b e  p l a c e d  i n  t h e  s e c o n d  q u a d r a n t  
( E q u a t i o n  ( 3 6 ) )  i f  (A-f)  < 0 ,  and  t h e  q u a d r a n t  o f  i2 i s  d e t e r -  

m i n a b l e  and  unambiguous from t h e  a r c c o s  f u n c t i o n  ( E q u a t i o n  ( 3 7 ) ) .  

It may a i d  t h e  r e a d e r  t o  n o t e  t h a t  t h e  second  p l a n e  
change  i s  a l w a y s  made i n  a manner which  i n c r e a s e s  t h e  i n c l i n a -  
t i o n  of  t h e  o r b i t a l  p l a n e .  Any o t h e r  maneuver  would b e  non- 
optimum. Thus ,  t h e  d i r e c t i o n  o f  t h e  s e c o n d  p l a n e  change  i s  
u n i q u e l y  d e t e r m i n e d  by t h e  s i g n  of ( A - f ) .  

F i g u r e s  5a and  5b show o n l y  c a s e s  where p1 and i2 

are  p o s i t i v e  (measu red  c o u n t e r - c l o c k w i s e ) .  The c a s e s  where p1 
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and  i2 a r e  n e g a t i v e  a r e  m i r r o r  images  a b o u t  t h e  a - p l a n e  i n  
F i g u r e s  5a and  5 b .  The e q u a t i o n s  which have  been  d e v e l o p e d  
r e m a i n  unchanged when i2 and  p a r e  n e g a t i v e  and a re  s o  treated 1 
i n  t h e  t r i g n o m e t r i c  f o r m u l a e .  I t  s h o u l d  be n o t e d  t h a t  n e g a t i v e  
v a l u e s  of  p1 a r e  u n i q u e l y  a s s o c i a t e d  w i t h  n e g a t i v e  i2. 

QUANTITATIVE RESULTS FROM THE M I N I M U M  AVT PROBLEM 

F i g u r e  6 i l l u s t r a t e s  t h e  p o t e n t i a l  AV s a v i n g s  i n h e r e n t  
i n  t h e  two b u r n  d e b o o s t ;  it p r e s e n t s  AVT as a f u n c t i o n  of  x and  
i f o r  t h e  one b u r n  d e b o o s t ;  t h e  optimum two b u r n  d e b o o s t ;  a n d ,  
f o r  c o m p a r i s o n ,  t h e  two b u r n  d e b o o s t  f o r  which  t h e  f i r s t  b u r n  
i s  c o n s t r a i n e d  to o c c u r  a t  p e r i l u n e .  For a l l  c a l c u l a t i o n s ,  
was assumed as 8300 f p s  and  Vc as 5 3 0 0  f p s .  
t i o n  o f  t h e  f i g u r e  i n d i c a t e s  t ha t  c o n s t r a i n i n g  t h e  f i r s t  b u r n  
t o  o c c u r  a t  p e r i l u n e  g e n e r a l l y  i n c u r s  s i g n i f i c a n t  c o s t s  f o r  
v a l u e s  o f  i2 g r e a t e r  t h a n  a b o u t  4" and  t h a t  t h e  a d d i t i o n a l  
c o m p l e x i t y  i n v o l v e d  i n  o p t i m i z i n g  on f i s  w o r t h w h i l e .  

2 

v€3 
An i n i t i a l  i n s p e c -  

The m a j o r  p o i n t  to b e  drawn from F i g u r e  6 i s  t h e  
c o m p a r i s o n  be tween  t h e  one bu rn  and two b u r n  d e b o o s t .  Re la -  
t i v e l y ,  t h e  l a r g e r  s a v i n g s  a r e  r e a l i z e d  from c a s e s  o f  smal l  
i a n d  X > 10'. O f  c o u r s e ,  t h e  two b u r n  t e c h n i q u e  r e s u l t s  i n  
s i g n i f i c a n t  economies  f o r  l a r g e  vali-IPS of  i, hi-1.t h e r e  t h e  
r e l a t i v e  e f f i c i e n c i e s  b e g i n  a t  a b o u t  X = 2 5 " .  A s  t h e  f i g u r e  
shows,  t h e  s a v i n g s  a r e  q u i t e  s e c s i t i v e  t o  A ;  t h a t  i s ,  t h e  
two b u r n  d e b o o s t  i s  p a r t i c u l a r l y  a p p r o p r i a t e  where h e x c e e d s  
15".  Because  p e r i l u n e  on f r e e  r e t u r n  t r a j e c t o r i e s  o c c u r s  
n e a r  180"  s e l e n o g r a p h i c  l o n g i t u d e ,  l a r g e  v a l u e s  ( g r e a t e r  t h a n  
1 5 O )  o f  x w i l l  b e  most  p r e v a l e n t  f o r  l u n a r  l a n d i n g  s i t e s  
s i t u a t e d  n e a r  0" l o n g i t u d e  w i t h  l a t i t u d e s  on t h e  o r d e r  o f  10". 
(CSM o r b i t a l  p l a n e  change  r e q u i r e m e n t s  c o n s t r a i n  t h e  l u n a r  
p a r k i n g  o r b i t  t o  a z i m u t h s  n e a r  270" a t  t h e  l u n a r  l a n d i n g  s i t e . )  
Hence ,  t h i s  a n a l y s i s  g i v e s  f u r t h e r  v e r i f i c a t i o n  t h a t  t h e  g r e a t e s t  
p r o p e l l a n t  s a v i n g s  from t h i s  two b u r n  d e b o o s t  w i l l  o c c u r  f o r  
l a n d i n g  s i t e s  n e a r  Oo l o n g i t u d e .  

2 

L 

SUMMARY 

A n a l y t i c  s o l u t i o n s  t o  t h e  optimum "two burn"  d e b o o s t  
i n t o  l u n a r  p a r k i n g  o r b i t  have  been  d e v e l o p e d .  For t h i s  p a r -  
t i c u l a r  two b u r n  t e c h n i q u e ,  t h e  f i r s t  b u r n  t r a n s f e r s  ( w i t h  a 
p l a n e  c h a n g e )  from t h e  l u n a r  a p p r o a c h  hyperbo1.a t o  a n  i n t e r -  
mediate c i r c u l a r  l u n a r  p a r k i n g  o r b i t  and t h e  s e c o n d  b u r n  
t r a n s f e r s  t o  t h e  f i n a l  r e q u i r e d  l u n a r  p a r k i n g  o r b i t  by means 
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o f  t h e  a p p r o p r i a t e  p l a n e  change .  The e q u a t i o n s  r e q u i r e d  f o r  
o p t i m i z a t i o n  a r e  d e v e l o p e d  for two g e n e r a l  c a s e s :  t h e  minimum 
t o t a l  AV n e e d e d  to r e a c h  a s p e c i f i e d  l u n a r  p a r k i n g  o r b i t  and  
t h e  maximum l u n a r  a c c e s s i b i l i t y  a v a i l a b l e  from a f i x e d  AV. 
The o p t i m i z a t i o n  i s  two d i m e n s i o n a l  i n  t h a t  b o t h  t h e  optimum 
p o i n t  o f  t r a n s f e r  f rom t h e  approach  h y p e r b o l a  and  t h e  optimum 
d i s t r i b u t i o n  o f  p l a n e  change  be tween  t h e  two b u r n s  a r e  d e t e r -  
mined .  By n e c e s s i t y ,  one  a d d i t i o n a l  i t e r a t i o n  l o o p  i s  r e q u i r e d  
as compared w i t h  t h e  s i n g l e  b u r n  t e c h n i q u e ;  however ,  t h i s  added 
i t e r a t i o n  i s  i n  t h e  n a t u r e  of an  " i n n e r  l o o p "  and  a d d i t i o n a l  
c o m p u t a t i o n  t i m e  i j  commensurate .  F o r  t h e  minimum t o t a l  AV 
p rob lem an  i t e r a t i v e  t e c h n i q u e  i s  d e s c r i b e d  which  i s  b a s e d  on 
t h e  o r b i t a l  geomet ry  and  e q u a t i o n s  i n v o l v e d .  

F i n a l l y ,  q u a n t i t a t i v e  r e s u l t s  a r e  p r e s e n t e d  which  
reaf f i rm t h a t  t h e  g r e a t e s t  e f f i c i e n c i e s  f rom t h i s  two b u r n  
t e c h n i q u e  o c c u r  f o r  l u n a r  l a n d i n g  s i t e s  i n  t h e  c e n t r a l  r e g i o n  
( n e a r  0' l o n g i t u d e ) .  

2 0 i 3-5FC- s r b  S .  F, Caldwell  

A t t a c h m e n t s :  
R e f e r e n c e s  
T a b l e  I 
F i g u r e s  1-6 
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TABLE I 

G l o s s a r y  o f  Symbols 

a 

e 

f 

2 i 

vC 

vH 

AV2 

AVT 

a-p l a n e  

B1-plane 

B2-plane 

Y 

p1 

p 2  

@ 

x 

semi-major  a x i s  o f  l u n a r  a p p r o a c h  h y p e r b o l a  

e c c e n t r i c i t y  of l u n a r  a p p r o a c h  h y p e r b o l a  

t r u e  anomaly of f i r s t  b u r n  

i n c l i n a t i o n  of t h e  f i n a l  o r b i t  p l a n e  to t h e  
h y p e r b o l i c  approach  p l a n e  

v e l o c i t y  on t h e  c i r c u l a r  l u n a r  p a r k i n g  o r b i t  

v e l o c i t y  on l u n a r  approach  h y p e r b o l a  a t  f i r s t  
b u r n  ( c i r c u l a r  p a r k i n g  o r b i t  a l t i t u d e )  

AV r e q u i r e d  f o r  f i r s t  bu rn  

AV r e q u i r e d  f o r  s e c o n d  burn  

t o t a l  n V  r e q u i r e d  f o r  two b u r n  d e b o o s t  

p l a n e  o f  l u n a r  a p p r o a c h  h y p e r b o l a  

l u n a r  o r b i t  p l a n e  a f t e r  f i r s t  bu rn  

l u n a r  p a r k i n g  o r b i t  p l a n e  a f t e r  second  b u r n  - 
d e s i r e d  f i n a l  c r b i  t p l n n e  

f l i g h t  p a t h  a n g l e  a t  f i r s t  b u r n  

p l a n e  change d u r i n g  f i r s t  bu rn  

p l a n e  change  d u r i n g  second  burn 

g r e a t  c i r c l e  a n g l e  from first, b u r n  to s e c o n d  
b u r n  measu red  i n  t h e  B1--p!ane 

t r u e  anomaly of node byiween t h e  a - p l a n e  and 
t h e  B2-plane 

g r e a t  c i r c l e  a n g l e  f rom t h e  a -p lane /B2-plane  node 
t o  t h e  B1-plane/B2-plane node 



\SECOND BURN (AV,) 

FIGURE I - SPHERICAL GEOMETRY OF THE TWO BURN DEBOOST 

FIGURE 2 - GEOMETRY OF THE F IRST BURN 

FIGURE 3 - GEOMETRY OF THE SECOND BURN 



OPTIMUM VALUE OF f 3 
- f  

FIGURE ICa - TWO BURN DEBOOST MORE E F F I C I E N T  
THAN ONE BURN DEBOOST 

f =. A (OPTIMUM VALUE OF f )  

PREDICTED OPT 

f =. A (OPTIMUM VALUE OF f )  

PREDICTED OPT 

FIGURE Ub - OPTIMUM T W O  BURN DEBOOST DEGENERATES 
TO SINGLE BURN 

IMUM f 

FIGURE 4 - SCHEMATIC REPRESENTATION OF THE FUNCTIONAL NATURE OF 
AVT, f ,  AND A 
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